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Sufficient conditions under which the solutions of the Cauchy problem for singularly-perturbed Hamilton—Jacobi equations will
converge to a limit are established. The results are used to investigate the asymptotic behaviour of the value function of a differential
game involving fast and slow motions. © 1997 Elsevier Science Ltd. All rights reserved.

The Isaacs-Bellman (IB) equations for controllable systems and differential games whose dynamics
contain fast and slow motions (see, for example, [1-7]) are singularly perturbed, in the sense that the
Hamiltonians contain terms with coefficients of the form 1/, where € is a small parameter. It is well
known that the value function of a differential game is identical with the minimax (and/or viscosity)
solution of the Cauchy problem for the IB equation [8-11]. In this paper we will investigate the asymptotic
behaviour of minimax solutions as £ — 0. We will first establish sufficient conditions for the solutions
of singularly-perturbed Hamilton—Jacobi (HJ) equations to have a limit and show that this limit is a
minimax solution of the unperturbed equation. Then, using this result, we will investigate the asymptotic
behaviour of value functions for similarly perturbed differential games. Use will be made of the elements
of convex and non-smooth analysis [12, 13].

1. We present some information from the theory of minimax solutions of first-order partial differential
equations [9, 11]. We will consider a Cauchy problem for the HJ equation

oujot+ H(t, x, Du)=0, (t,x)e G=(0,0)xR" (1.1)
u®, x)=0o(x), xeR" (1.2)

We will assume that the function o(x) is continuous and that the Hamilton H(z, x, p) is continuous
in its domain of definition [0, 8] x R” X R"; moreover, it satisfies the estimate

1H(t,x,0)l <

roeoar 1+ 13)
and the following Lipschitz conditions in p and x
|H(t, x, p’)y— H(t,x,p’” < A(x) p" - p”ll (1.4)
for any (¢, x) € [0, 8] xR, p, p” € R" where A(x) := (1 + || x [|)u, u being a constant
B e e @3

for (¢, x,y,p) € [0, 8] X B X B x R", where B is an arbitrary bounded domain B C R

A continuous function G € (t,x) — u(t,x) € Rwhichis continuously differentiable in G and satisfies
Eq. (1.2) and Eq. (1.1) for all (¢, x) € G is called a classical solution of problem (1.1), (1.2). Here G =
[0, 8] x R*; D = (du/dx, . . . , du/dx,) is the gradient of the function u.
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As is well known, Cauchy problems and boundary-value problems for the HJ equations that occur
in applications do not usually have classical solutions. One therefore introduces generalized solutions.
In this paper we will use the concept of a minimax solution, which may be defined in a variety of ways;
among other things, one can utilize the tools of non-smooth analysis: directional derivatives, cones of
tangent directions, and sub- and super-differentials (the formulations of the definitions and proof that
they are equivalent may be found, for example, in [9]).

Before presenting one of these definitions, we observe that any definition of a minimax solution
contains, explicitly or implicitly, the property that the graph of such a solution is invariant with respect
to what are known as characteristic inclusions, which may be introduced as follows.

Let S be some non-empty set and M a many-valued mapping

[0,8]x R" x S2(¢,x,5)> M(t,x,s)cR" xR (1.6)

The pair (S, M) will be called a characteristic complex (or, briefly, a complex) if the following conditions
hold.

1. For any (t,x) € [0,8] x R" and s € §, the set M(t,x, s) C R" X R is non-empty, convex and closed.
For any (t,x,s) €[0, 8] x R” x S and (f, g) € M(t,x, s)

HFl=s Mx), lgism@Ex)A+1xi)

where A(x) is the quantity defined in (1.4). For any s € S, the function > m(¢, s) is summable over {0,
6] and the many-valued mapping (¢, x) — M(, x, s) is upper semicontinuous.
2a. For any (t,x) € [0,68] xR" andp € R"

max min{(f, p)—g:(f.g) € M(t,x,5)} = H(t,x, p)

2b

max min{(f, p) - g:(f,8) € M(t,x,5)} = H(1,x, p)

Denote the set of complexes (S, M) by C(H). We note that the conditions are satisfied, for example,
by the pair (S, M) where § = R” and

M(t, x,5)={(f,.g) e R"" X Rl fll< M(x), g={(f,s)~H(t, x,5)}
(t,x)eG, seR"

where A(x) = (1 + [[x |[)u is the same as in the Lipschitz condition (1.4).

Choose a complex (S, M) € C(H) and s € S arbitrarily. The symbol Sol(ty, x¢, zg, §) will denote the
set of absolutely continuous functions x( - ), z( - )): [0, 8] — R" x R. that satisfy the condition (x(ty),
z(ty)) = (xp, 2p) and the differential inclusion

(x(1),2(1)) € M(1,x(2),5) (1.7)

Definition 1. A minimax solution of Eq. (1.1) is a continuous function [0, 8] x R* 3 (t, x) — u(t,x) €
R that satisfies the following condition of weak invariance with respect to (1.7): for any (¢, xo, 29) € gr
u,s € § and 1 € [t, 6] a trajectory (x( - ), z( - )) € Sol(fo, X, 2o, 5) exists such that (1, x(1), z(1)) € gr u.

We will call (1.7) a characteristic inclusion. It is known that this definition is independent of the choice
of a complex (§, M) e C(H).

It can also be shown that minimax solutions and viscosity solutions in the sense of Crandall and Lions
[10] are equivalent. Under our assumptions concerning the Hamiltonian and the terminal function o,
one and only one minimax solution of the Cauchy problem (1.1), (1.2) exists. The proofs of these facts
may be found in [9, 11].

The concepts of upper and lower solutions play a major role in the theory of minimax solutions. We
present the definitions in a form convenient for further use in this paper.

As before, S will be some non-empty set and M a many-valued mapping of type (1.6). Call the pair



Minimax solutions of Isaacs—Bellman equations in differential games 885

(S, M) an upper (lower) characteristic complex if conditions 1 and 2a(1 and 2b) are satisfied. The set
of upper (lower) characteristic complexes will be denoted by C (H) (C (H)).

Definition 2. An upper (lower) solution of Eqs (1.1) is a lower (upper) semicontinuous function [0,
8] x R" 3 (¢, x) — u(t, x) € R satisfying the following condition: For any (¢, xo, 29) € epi u((tg, Xg, 20) €
hypo u), s € S and t € [to, 6], a trajectory (x( - ), 2( - )) € Sol(to, X, zg, §) exists such that (t(x(t)), z(t))
e epi u((t, x(t), z(1)) € hypo u). Here (S, M) e C T (H) (S, M) e C ¥ (H)), Sol(ty, xq, 20, ) is the set
of trajectories of the differential inclusion (1.7) that satisfy the condition (x(f,), z(f5)) = (xo, 2o)-

The symbols epi 4 and hypo 4 denote the sets

{(t,x,2) 2= u(t,x),(t,x)e G}, {(t,x,2):z=<u(t,x),(t,x)eG)

respectlvely——the epigraph and hypograph of the functlon u. The deﬁnmon of an upper (lower) solution
is mdependent of the choice of the complex S,MeC (H) S,Me ct (H). It is known that a function
u is a minimax solution if and only if it is simultaneously an upper and a lower solution.

2. We will consider two Cauchy problems, unperturbed and perturbed
oulot+H(t,x,D.u)=0, u(B x)=0(x) 2.1)
Ou /ot + He(t,x,y, Due, Dyue ) =0,  u(8,x,y)=0(x) 2.2)

In these equations, as before, t € (0, 8),x € R,y € R!is a new variable, e is a positive real parameter,
and the function u, depends on variables (1, X), where x = (x, ¥). Accordingly, the Hamiltonian H
depends on the variables (1, ¥, p), where p = (p, r), t € R". It is assumed that the function o(x) is
continuous, and the Hamiltonians H(t, x, p) and H(t, X, p) satisfy the conditions indicated in
Section 1.

Let us examine the conditions under which the solutions u, of problem (2.2) converge ase - 0to a
solution u of problem (2. 1)f To that end, we mtr(Iduce further constructions.

Letp > 0, (S, M) e C ' (H)or (S, M) e C* (H). The symbol G°(t, 7, x¢, Zg, s) will denote the
attainability set of the differential inclusion

(%(1), &(1)) € M(1,x(1),5)+ B,. 2.3)

where s € S, 0 < £y < T =<8, (xo, zp) is the initial position; B, = {(f,g) € R* xR: IfI% + & < p?}. Note
that (x*, z*) € G (¢, T, xg, Zg, 5) if and only if a trajectory of the differential inclusion (2.3) exists such
that (x(to) z(tp)) = (xg, 20), (x(1), 2(T)) = (x*, z*). Speaking somewhat freely, we will also refer to the
attainability set of t&e complex (S, MP).

Let (S, M)e CY(H)or (S, M.)e C (HE), 5" € S.. The symbol G.(ty, T, xq, Yo, 20, s*) Will denote
the attainability set of the differential inclusion

(x(2), 3(),2(1)) € M (1, x(1), y(2),5") (2.4)

Note that G(. . .) is a set in R* x R’ x R. We will also say that G(. . .) is the attainability set of the
complex (S;, M,).

Condmon 1 (Condition 2). A complex (S, M) e C (H) (a complex (S,M)e C (H)) and a compact
set Y C R! exists such that

Gp(tO’qu01ZO9s)xY2 U Ge(t()v‘tvx()wy()’Z(),\Vg(s)) (2.5)

so€Y

where Gy(. . .) is the attainability set of a certain complex (S, M) € C T (H,) (S, M) € C ¥ (H)). It
is assumed here that for any number € > 0 and point (t+, x+) € (—e, 8) x R" we have a well-defined
mapping s — ¥, (s): S — S; and quantities p = p(g, t+, x+) > 0, 8 =(g, t+, x+) > 0 such that lim p(g, -,
x+) = 0, lim (g, t+, x+) = 0 as ¢ — 0. Condition (2.5) must hold for alle > 0,s € S,z € R, (t, xg) €
B(te, x; &) (0 = a(te, x) € (0,0 —11)), T € [ty + (g, £+, x+), 0]. The symbol B(ts, x+; o) will denote the
closed sphere in R x R” of radius a. with centre at the point (¢, x»).
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This formal condition will serve as a sufficient condition for solutions of singularly perturbed equations
to approach an asymptotic limit. We will then consider examples of differential games in which this
condition is fairly easy to verify. As will be evident from the examples, the compact set Y in (2.5) contains
the domain of attraction of the fast variables.

Theorem 1. Let Conditions 1 and 2 be satisfied. In addition, let the set Y in Condition 1 be the same
as the Y in Condition 2. Let u.(¢ > 0) be minimax solutions of problem (2.2). Then for any (¢, x,y) €
[0, 6] x R" x Y a limit

leiIr(} u, (t.x,y) = u(t, x) (2.6)

exists, and the function u: [0, 0] X R” — R defined by this limit relationship is a minimax solution of
problem (2.1).
We first prove a few auxiliary propositions.

Proposition 1. Suppose Condition 1 is satisfied. Define

vg(t,x)=mei;1 vt X,y) 2.7)

where ve(t x,y) is an upper solution of problem (2.2). Let B(t+, x-; o) be a closed sphere in (0, 8) x R”,
which is defined by Condition 1. Then, for any (¢, x,) € B(t. X oc) Z = Vi(te, x0), € S, 1€ (tg + &,
0], a point (x*, z*) € GP(ty, T, X0, 2o, §) exists such that (1, x*, z*) € epi V.

Proof. Choose yg € Y so that

Ve llg.Xg,¥o) = mi;}”e(fmxo’)’) =v3(tp.x0)
X3

By assumption, zg = v2(tg, Xo), and so (fg, Xo, Yo, Zo) € €pi v,. Since v, is an upper solution of problem
(2.2), a point

(x",y*.2") € Ge (19,1, %0, Y0, 20- We (5))

exists such that z* = v (t, x*, y*). It follows from (2.5) that
(x",y".2") €GP (19, 1,9, yg, 20) X ¥
Since y* € Y, it follows that v (1, x*, y*) = v(t, x*). Hence we obtain z* = vg(t, x*).
Proposition 2. The function

v, x)= lim inf veo(t’,x’) (2.8)
ed0
(r'.x")=(1,x)

is an upper solution of problem (2.1).

Proof. It can be shown that the function v* takes finite values. This function is lower semicontinuous and satisfies
the condition v*(6, x) = o(x) (see the proofs of the analogous statements in [9, 11]).

Let (S, M) e C T (H) be the complex occurring in Condition 1. We choose (fg, xg) € [0, 8) X R”, 2o = V(to, x0),
T € (to, 0], 5, € S arbitrarily. We will show that (x( - ), z( - )) € Sol(ty, x,, zg, 5) exists such that (T, x(1), z(7)) € epi
v or, what is the same

{1} G(19,T.x0.29,5) Nepiv " = .. 29)

where G(. . .) is the attainability domain of the complex (S, M).

Let (fg, x) € int B(t+, x+; ) (int B is the interior of the sphere B). Let us first consider the case zy > v*(fo, xo).
In that case, by (2.8), a sequence (T, &, X)5=1 eXists, such that zg = v2_ (t, x¢), hmk_,,.ek 0, limy,_,..(t, ) = (to,
Xp). We may assume that (t, x;) € B(t», x+; o) and t, + 8(g, 1+, x.)) < tforallk = 1,2, . ... Using Proposition 2,
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: k
we see a sequence (¢, 2X) e G° (> T, Xk, 2o, §) exists such that (1,2, Z) € epi v‘,’,_k. Here, by condition 1, p* = p(g;)
— 0 as k — c. We may assume without loss of generality that the limit lim,_,..(*, 2*) = (x*, z*) exists. Note
that
(x*, Z') € G(fo, T, Xy Z0» s).
Since 2 = Vek(T ), it follows by the definition of the function v* that z* = V(z, x*). Thus, we have proved
(2.9) in the case zy > v"(to, Xg)-

In the case zy = v"(to, xg), we consider the sequence 2, = z; + 1/k. Since z; > V'(to, Xg), it follows from what has
been proved that

{1} X G(tg. T. 50,2, 5)Nepiv " #...

Passing to the limit, using the fact that the set epi " is closed and that the mapping z —> G(to, T, Xo, 2, 5) is upper
semicontinuous, we again get (2.9).

Suppose that Condition 2 is satisfied. Let W (e > 0) be lower solutions of problem (2.2). Consider
the functions

wg(t,x)= r:l:}(we(t,x,y), wh(t, x)= llmsup W (t x’) (2.10)
- ', x )—D(I x)

It canbe shown that w” is a lower solution of problem (2.1). The proof is analogous to that of Propositions
1and 2.

Let u(t, x, y) (¢ > 0) be minimax solutxons of problem (2.2). Put v, = we ug in (2.7), (2.8) and
(2.10). Define the corresponding functions v* construction,

On the other hand as V" is an upper solutlon and wz a lower solution of problem (2.1), it follows
[9-11] that wh <" Therefore vV = w”* = u, where u is a minimax solution of problem (2.1) (recall that
a minimax solution can be defined as a function that is simultaneously an upper and a lower solution).

We thus obtain

u(t,x)= lin:fgp r?:}g( u (', x',y) = Iin:ligf l;nel;l u (', x',y) (2.11)
(x> (1x) (r".x)—(8,x)
This implies (2.6) and completes the proof of Theorem 1.
3. Example 1. Consider the following unperturbed differential game and its Hamiltonian
x=flt,x,p,q), pe P.ge Q

9
Y=0(x(8))- | g(t,x(t),p(1),q(1))dt (3.1

o

H(t’x’c) =min max[(f(’-X,P»‘I)»Q‘ g(t;x,P,Q)] =
peP qeQ
= max r;eng[(f(t,X.p,q),C) -8(t,x,p.q)]
Consider the singularity perturbed differential game
x=f(t,%y,5;)
W= -nl=hy . p) P =109 -y, ]1=hy (32,9, P'EP. ¢ €Q G2

0
Y=0(x(9) - | gle.x(),y,(1),y, (1))t
0

The Hamiltonian in this game is defined by
He (6,x,31,52,8.80.82) = (F (%, 1,72 ).8) - 8(6,x, 31, y2) +

+(1 /8)[min<Cl Ny IR (S )] +(1 /e)[maX<§z'q) (82,52 )] (3.3)
peP qeQ
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where P and Q are convex compact sets and the functions f{¢, x, p, q), g(t, x, p, q) are continuous and satisfy a Lipschitz
condition with respect to (x, p, q). The function o(x) is continuous, t € {0, 0],x € R".
In this example Condition 1 is satisfied. The upper characteristic complexes may be chosen here as follows:

§=0,5=q 5.=0.5=q, ylg)=¢g
M@, x, q) =col{(fl. x,p.q). g(t, x.p,q): p € P}
Me(t, x, y1, ¥2, 9 = col (R, x, 1, ¥2), hey(V1, Py hea(2, 4, 8Ct X, ¥1, ¥2)): p" € P}

To choose lower characteristic complexes, one simply interchanges the controls p and g. The compact set Y in
Conditions 1 and 2 may be definedas PxQ =Y.

Under the fact that P and Q are strongly invariant with respect to the subsystems of fast variables y{(f) and y5(t),
respectively, and also using estimates similar to the Gronwall inequality [14] for the norm of the difference between
the slow variable x(¢) and the solution of the differential inclusion

x(0)= f(6,x(0). ¥ (1),q) €co f(1,x(1), P.@), x(tg)=x5(19) = Xg
we obtain the following values of the parameters in Condition 1

Sey=¢€", n<«l
p(e) = Ldiam Qe ®[(e® _1)+¢3€Ve1 40 as ¢ 50

where L is the Lipschitz constant for the functions f{(¢, x, p, q), g(¢, x, p, q) with respect to x, p, q.
Analogous estimates, with g and p, Q and P interchanged, are obtained for the verification of Condition 2.

4. The sufficient Conditions 1 and 2 may be modified so as to include new classes of problems (2.1),
(2.2). We introduce the following definition.

A compact set D € [0, 0] x R" is said to be strongly invariant and compatible with a Hamiltonian H if
D is strongly invariant with respect to the differential inclusion || X {|<< A(x), where A(x) is the quantity
in condition (1.4), defined for the Hamiltonian H.

We modify Conditions 1 and 2 as follows.

Condition 3 (Condition 4). A complex (S,M)e C T (H) (a complex (S§,M) e C ! (H)) exists such that,
for any compact set D C [0, 8] x R” which is strongly invariant and compatible with the Hamiltonian
H, a compact set Y(D) C R exists such that

GP (1,7, X0, 20, )X Y(D)2 U G.(t5.7. %0, Y0, 20, We (5)) (4.1)
)'QEY(D)

where G(. . .) is the attainability set of some complex (S, M) € C ' (He) (Ses M) e C v (He)). It is
assumed here that for any € > 0 there are a well-defined mapping s — vy, (5): S — S, and quantities
p = p(g) > 0, 6 = 8(e) > 0 such that lim p(g) = 0, lim 3(¢) = 0 as € — 0. Relation (2.5) may hold for
alle > 0,5 € §,z5 € R, (to, xg) € D, 1€ [ty + 8(€), 0].

Using this condition and following the same scheme as in Theorem 1, one can prove that the minimax
solutions v(t, x, y) of the perturbed problem (2.2) converge to a minimax solution u(t, x) of the
unperturbed problem (2.1) for any (¢, x, y) € D x Y(D).

Example 2. Consider the singularly perturbed differential game

x=f(t.x,y), e9=-y+&tx,a,B), oacAPeB 4.2

s
Y=0(x(9))- [ g(t,x(t),y(1))ds 4.3)

fo

The Hamiltonian in this game is defined by

Hc (tvxvystC] ) = <f(’,)~',)’),§) _g(t’xvy)_
~(17e)y.L)+ /)y, xE)) (4.4)

’ r = i I A * * = i 1 i Y Al 4'
v, x,6p) Lnerggxea;@. E(t,x,0,8)) grgﬂnelg@l €@, x,0,B)) 4.5)
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The unperturbed differential game and its Hamiltonian are

x=f(t,x8(tx,a,B), acA, BeB
(4.6)

0
Y=0(x(8)- [ g(t,x(1).&(t,x,0,B))dt

o

where
Y(t,x,0) = co(&(t,x,0..B)):B € B)

4.7
Y(t,x,B) = co{&(r,x,a,B)): 0 € A}

It is assumed that the functions f( - ), g( - ), &( - ), 6( - ), 9&( - )/ot, 9E( - )/ax are continuous, Ly is the Lipschitz
constant for f{ - ) and g( - ) with respect to x, y, and L is the Lipschitz constant for &( - ) with respect to x.
In this problem Conditions 3 and 4 are satisfied. The upper characteristic complexes may be chosen as follows:

S=8,s5s=p, se=B, s=P, y(B)=P
M, x, B) = col{(fu, x, g), gt x, é)) :Ee Y@, x, B)}
Me(t, x, y, B) = co{(fls, x, y), (1/E)~y + &), g(t. x, y)) : § € Y(t. x, B)}

For the choice of the lower characteristic complexes, the controls a and  are interchanged.
The compact set Y(D) is defined as follows:

Y(D)=co{&(t, x,a,B): (1, x) e D, 0.e A,Pe B) + B
B ={ye R:liyll=<1})

Let r§ [f] be the distance between the fast variable y¢(r) and the set Y(t, x°(t), ). Using an estimate for the rate
of change of the function 7§ [f] along a2 motion of system (4.2), and also using estimates similar to the Gronwall
inequality [1] for the norm of the distance between the slow variable x*(f) and the solution x(¢) of the differential
inclusion

x(1) e co{ f(1,x(1),E):E € Y(t,x(0).B)),  x(1g)=x5(1g)=xg
we get the following values of the parameters in Condition 3

3e)=€e", n<l
piey=L, diamU(D) e TPl I )y p-Bere)

ase — 0.
Analogous values are obtained in the verification of Condition 4.
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